A control law for an electromagnetic vibration energy harvester is derived using the maximum power transfer theorem. 
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INTRODUCTION
Currently, bridges in the U.S. are visually inspected biennially [1] . When this fact is coupled with the U.S. Department of Transportation claim that 25% of bridges are "functionally obsolete" or "structurally deficient", it becomes clear that more rigorous structural monitoring is required [2] . This need was made further apparent by the tragic 2007 collapse of I-35W Mississippi River Bridge in Minneapolis. An official report on the status of the bridge in March 2001, mentioned some poor fatigue details of the bridge, but not to the degree of needing to close the bridge to traffic for repairs. However, the report did recommend how the placement of strain gauges at several key locations coupled with detailed analysis could help predict the bridge's behavior in the future. The report went as far as recommending similarly instrumenting other bridges [3] . This recommendation was fully taken into account with the construction of the new I-35W Saint Anthony Falls Bridge, the replacement for its collapsed predecessor, which boasts 323 structural monitoring sensors [4] . These sensors can be used to assess the bridge's condition by providing metrics such as deck movements, stresses, and temperatures.
While the Saint Anthony Falls Bridge, costing $234 million, is an impressive feat in structural monitoring, it would be impossible to retrofit all existing bridges with such an extensive sensor array. However, key placement of strain gauges, accelerometers, and/or acoustic sensors, transmitting continuously, or even at regular and relatively short intervals, would improve the current state of structural monitoring.
Whichever sensor type is chosen for observing structural integrity, data acquisition and transfer require some sort of power source. While new bridges, such as Saint Anthony Falls, could include sensor instrumentation during the construction process, adding wired networks of sensors, power and data acquisition/processing is difficult and expensive [5] . Thus, ideally, wireless sensors and power sources will be used.
The research associated with this paper is concerned with developing a wireless, self-contained power sources for said wireless sensors. The power source candidates considered were under the constraints of being ideally self-contained, robust, and requiring little to no maintenance during the lifetime of the bridge. This eliminates batteries as a viable candidate due to the need of their replacement on a regular basis. Thus, solar-based, wind-based, and energy harvesting relying on the vehicle traffic on the bridge were considered. Sun and wind power were avoided, as both are not guaranteed to be present when they are needed most (i.e., heavy traffic conditions do not necessarily occur on sunny or windy days), while their use also limits mounting options for the sensors (as it is usually desirable to keep lines between a sensor and its power supply at a minimum length).
Bridge traffic provides a convenient source of mechanical power which can be harvested in several ways. The three most prevalent forms of electromechanical conversion/energy harvesting are electrostatic, piezoelectric, and electromagnetic. Due to its robustness, life span, and relative ease of controllability, electromagnetic harvesting was chosen as the power harvesting mechanism. An in-depth justification for this choice can be found in [6] .
The inherent weakness of conventional vibrational electromagnetic energy harvesters (VEH's) is that they rely on an input mechanical excitation of a single pre-determined frequency -the generator's resonant frequency [7] . However, it is known that not only do different bridges oscillate at different frequencies [1] , requiring a specific generator for a particular bridge, but any one bridge will also oscillate differently depending on traffic conditions [8] . Furthermore, often the movement of any particular point on a bridge will contain multiple frequency components [9] . This manuscript presents a method aimed at addressing the shortcomings of a conventional VEH through the use of active control. The proposed methodology relies on actively altering the vibrational response of the harvester in order to maximize the net energy captured. The motion is altered in a specific fashion in accordance to a control law derived from the harvester's model and the maximum power transfer theorem.
METHODOLOGY AND RESULTS

Controller Purpose
The proposed technique for energy harvesting can be roughly summarized as a method of creating a broad resonance frequency range for a VEH. An electromagnetic energy harvester's dynamics are essentially similar to those of a conventional mass-springdamper system exposed to oscillatory excitation. A given massspring-damper system passively reacts to its excitation source, having a single resonant frequency at which the amplitude of the oscillation of the mass relative to the amplitude of the oscillation of the excitation source is the greatest.
The proposed control scheme, in contrast, alters the passive response of the system to behave as if the excitation seen by the mass-spring-damper is at the system's resonant frequency. Since this holds true for any frequency component in the excitation, the resulting response is equivalent to an infinite series of harvesters tuned to span a range of resonant frequencies. Since a conventional vibrational electromagnetic energy harvester relies on being excited by one particular frequency to generate appreciable power (energy capture rate falls off rapidly when the excitation frequency is even slightly different from the VEH's resonant frequency), it can only be implemented in situation where a single known frequency will be present. The proposed controller uses a VEH as an electromagnetic generator as well as a linear motor, thereby allowing a range of excitation frequencies to elicit resonant-like behavior. This results in more energy being harvested. Figure 1 depicts a lumped parameter representation of a typical VEH attached to an excitation source, which, in our case, is a vibrating span of a bridge. In the figure, X represents the span's displacement in meters normal to the road surface and measured from its static equilibrium (when there's no traffic on the bridge), m represents the effective mass in kg of the proof mass of the VEH, b represents the harvester's mechanical viscous damping in N/(m/s), k/2 represents the stiffness value (in N/m) of each of the two springs responsible for keeping the mass in a suspended and readily excited state, Y represents the absolute proof mass displacement in meters along the same direction as X, the "Linear mot/gen" represents the motor/generator effect on the harvester motion (which will be discussed later), and finally P represents the relative displacement between the proof mass and the bridge span (i.e., P = X -Y).
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FIGURE 1. LUMPED PARAMETER REPRESENTATION OF ENERGY HARVESTER
Traffic passing over the bridge will elicit an oscillatory response in the span represented by the variable X. Conventionally, the form of X will be that of a group of sinusoids added together:
where A x represent the zero-to-peak amplitude [m] of the ω x frequency [rads/s] component. As mentioned in the introduction, the existing frequency components' amplitude and frequency values vary depending on a particular bridge, the position on a given bridge at which measurements are taken, and traffic conditions. Literature review showed oscillation varying from 0.25 mm to 1 mm in amplitude, and 3 to 9 Hz in frequency [8, 10, 11, 12, 13] .
Williams et al. showed that a passive VEH harvests energy at a rate described by the following equation:
where avg P is the average power generated once the harvester reaches steady-state oscillations, m is the mass of the proof-mass of the harvester, ζ is the damping ratio between the system's total parasitic damping (both mechanical and electrical) and the mechanical stiffness and inertia, ω n is the harvester's natural frequency (i.e., k m , where k is the harvester's equivalent stiffness), and A and ω are the amplitude and frequency at which the harvester is excited respectively. Figure 2 is a graphical representations of Eq. (2), where A, m, and ζ are held constant, while excitation frequency is varied from 3 to 12 Hz. The four curves represent passive harvesters having identical proof masses and damping ratios, but tuned to four different natural frequencies (4, 6, 8 and 10 Hz). The figure makes it easier to observe the large sensitivity passive harvesters have to the frequency at which they are excited. For any of the four passive VEHs, when excitation deviates by just a few hertz from the particular harvester's natural frequency, power generation becomes insignificant. This prohibits the practical use of conventional VEHs on bridges, as the oscillatory behavior is not limited to a single known frequency. However, if a VEH could behave like a passive harvester excited at its natural frequency when excited by any single frequency or a combination of frequency components, it would harvest the maximum amount of energy theoretically possible. This type of desired behavior is shown by the dotted line in Fig. 2 . This type of performance can be thought of as an infinite number of passive harvesters, the natural frequencies of which wholly define a certain frequency range of interest in which maximum electromagnetic energy capture occurs.
Description of Experimental Setup and Modeling
To achieve maximum power generation in the chosen frequency range of interest (3-12 Hz, largely based on what was seen in the literature) a physical setup was constructed and passive behavior was replicated and studied. The VEH manufactured for this purpose is shown in Fig. 3 and Fig. 4 . It is comprised of a linear voice coil (LVC), a pair of compliant flexure mechanisms, an optical encoder, an accelerometer, and a super capacitor bank.
The LVC functions as a linear motor/generator, and provides the bulk of the proof mass. When functioning as a generator, the LVC's purpose is to harvest energy from the oscillatory excitation provided by the aluminum I-beam, to which it is rigidly attached, and to store the harvested energy in the super capacitor bank. The beam is rigidly attached to a medium-capacity LDS electromagnetic shaker, which simulates bridge vibrations. When functioning as a motor, the LVC will be required to use some of the energy in the super capacitor bank to enforce the desired behavior previously discussed, resulting in net positive power generation providing that the regenerative electronics are efficient. The compliant flexure mechanisms serve two purposes. They act as springs suspending the permanent magnet portion of the linear voice coil (i.e., proof mass), thereby allowing it to oscillate relative to the coil portion in response to an oscillatory excitation input. Their second purpose, and the reason the VEH design incorporates these custom made components instead of ordinary springs, is that they are very effective at restricting the motion between the coil and the permanent magnets of the LVC to their axis of alignment. The optical encoder and accelerometer sensors provide signals necessary for tracking the physical response of the VEH to its excitation and closing the control loop.
The dynamics of the VEH, shown in Figs. 3 of the two compliant mechanisms/springs and the mechanical damping of the system b. The mass moves at the velocity  Y , while relative velocity seen by the equivalent stiffness and mechanical damping is  P (see Fig. 1 ). The same velocity  P is seen by the LVC (linear mot/gen component), which transforms it into a voltage V via a gyrator GY. The gyrator produces the voltage by scaling the velocity according to Eq. (3)
where K f is the motor constant/back emf constant of the LVC. The generated voltage V causes a current I to flow through the LVC's winding.
Equation (4) shows the harvester's response to excitation X in terms of the absolute motion of its proof mass Y and the current running through the coil winding I
I
By subtracting  mY and adding  mX to both sides, Eq. (4) can be modified to be in terms of proof mass displacement relative to the bridge P = X -Y, which is not only a more intuitive metric of the proof mass motion, but also a quantity measured directly by the optical encoder shown in Fig. (4) . This modified form is shown as Eq. (5).
The second equation describing the VEH's behavior defines the relationship between the voltage developed due to the velocity of the LVC (Eq. (3)) relative to that of the bridge  P and the current running through the coil winding I ; this relationship is shown as Eq. (6).
The voltage/current relationship is determined by the LVC's equivalent inductance L LVC , its internal resistance R LVC , and the electrical load connected across its leads Z load . In a conventional VEH, Z load behaves purely resistively. Its choice is not arbitrary and its derivation is discussed in the following section.
Derivation of the Ideal Load
An additional benefit of the bond graph model shown in Fig.  5 , is the ease with which it is possible to cast the electromechanical system wholly into the mechanical or wholly into the electrical domain. Since the objective is to find which load, when attached across the VEH leads, will result in the maximum amount of power being transferred to it, the system should be cast into the electrical domain. Electrical power sources and their associated internal impedances are often analyzed using load matching techniques; tools for achieving maximum power transfer to the load, or achieving power transfer at maximum efficiency are readily available in the electrical domain. Additionally, when losses occur in both the electrical and mechanical domains of an electromechanical system, as is the case with the VEH system, the concept of load matching needs to be applied in the domain to which power is being delivered [14] . Figure 6 shows the circuit equivalent of the system represented by the bond graph in Fig. 5 . It depicts the result of reflecting the mechanical flow source and the mechanical components across the gyrator. The obtained circuit allows direct application of the maximum power transfer theorem (MPTT) to determine the ideal Z load . MPTT states that for a given power source with a known complex impedance, the maximum amount of power will be transferred to the attached load if the latter's complex impedance is equal to the complex conjugate of the impedance of the power source. In equation form, MPTT is simply:
where Z load and Z source are the complex impedances of the load and source respectively. Equation (7) states that the resistive component of the load's impedance will have the same magnitude as the resistive component of the source impedance; the reactive part of the load impedance, on the other hand, needs to be equal to the negative of the reactive part of the impedance of the source.
ELECTRICAL DOMAIN EQUILVALENT OF ENERGY HARVESTER
For conventional passive VEHs, Eq. (7) is applied only in part. Specifically, the resistive component of the load's impedance is matched to that of the source impedance. However, since the requirement on the load's reactance cannot be achieved passively, Eq. (7) is usually not applied to it. This results in passive harvesting behavior shown in Fig. 2 , where maximum power generation occurs only at the harvester's natural frequency (Note: depending on the magnitude of the system's parasitic damping ratio, maximum power generation can occur at a frequency slightly different form the natural. However, as parasitic damping ratios are usually kept to a minimum in VEH design, the frequency at which it occurs is usually quite close to the natural frequency).
To facilitate the application of the MPTT to the experimental setup VEH, the harvester's electrical circuit equivalent from Fig.  6 was transformed into its Thévenin equivalent form. Figure 7 depicts the Thévenin equivalent circuit represented in the s-domain. In order to achieve maximum power generation passively, it is necessary to eliminate the reactive component of the combined system impedance and double its resistive component, without incorporating active elements in Z load .
The frequency dependent behavior of Z source is described by Eq. (8) . This formulation imposes a requirement on the excitation frequency driving the VEH, a requirement which stems from the need to eliminate the reactive component, which can't be done by the purely resistive Z load . 
Mathematically, this means that the j term of Eq. (8) needs to equal 0.
The harvester parameters used in determining the frequency of excitation which would yield maximum power transfer are shown in Table 1 .
The electrical parameter values were taken from the data sheet for the chosen LVC (BEI Kimco LA17-28-000A), except for R LVC , which was increased slightly after directly measuring it. The mechanical parameters were obtained by the combination of measuring them (determining spring stiffness and estimating magnitude of proof mass) and observing the dynamic response of the mechanical system (curve fitting to determine damping and getting a better estimate of the proof mass). The dynamic response of the mechanical system alone was obtained by connecting a Kepco BOP 36-6 servo amplifier across the VEH leads and using the LVC as solely as a motor. The behavior that was expected is that of Eq. (9), where a force K f I(s) created by the Kepco generated current affects the relative position P(s) of the proof mass, resulting in a mass-spring-damper system type of response. 
The predicted model response and empirical data are shown to be in good agreement in Fig. 8 .
Substituting the known magnitudes of all of the VEH components into Eq. (8) allows solving for the frequency at which the reactive j term becomes 0 as shown in Eq. (10). Note that in solving for this frequency, the value used for physical viscous damping b was set to 6.2 N/(m/s) as opposed to 6.8 N/(m/s) which is stated in Table 1 . This is due to slight physical changes in the experimental setup associated with its disassembly and reassembly between tests. The 6.8 N/(m/s) is the more current of the two values and will be used in future work unless noted otherwise. 
The condition shown in Eq. (10) 
The effect of attaching a load with the above equivalent resistance across the leads to the harvester's LVC can be modeled by assuming Z load to simply be a 58.10 Ohm resistor and using Eqns. (5) and (6) (12) where R tot = R LVC + Z load , which is the total resistance of the VEH in the electrical domain. The relative accuracy of the above transfer function is depicted in Fig. 9 . The solid line represents Eq. (12) with the VEH parameters from Tab. 1 and the solved for Z load from Eq. (11) substituted in. The empirical data is collected from running the VEH with a 58.10 Ohm resistor connected across the LVC leads. The dashed line in Fig. 9 represents the ideal response of the system if maximum power transfer to the attached load was not frequency dependent, it is equivalent to the desired behavior that was shown in Fig. 2 , and is discussed in detail in the next section. 
Active Electromagnetic Vibration Energy Harvesting
The previous section showed how to passively maximize energy harvesting by using the maximum power transfer theorem for load matching. Equation (8) showed that the VEH's internal impedance contains a reactive component which needed to be cancelled in accordance with the MPTT. Unfortunately, from observing the form of the source impedance in Fig. 7 , it is evident that no combination of passive components can be incorporated into Z load in order to obtain an overall reactance of 0. Therefore, it was necessary to rely on a particular frequency to achieve the desired cancellation.
However, the MPTT required ideal load can be pursued actively, i.e., Z load is made to be an actively varying impedance, that can exhibit specified dissipative (resistive) and conservative (reactive) behaviors. The control law that forces the load to behave in accordance with the MPTT removes the effect of frequency-dependent components, but leaves the same resistive behavior as that which was solved for in Eq. (11) . This yields frequency independent maximum power generation. This MPTT dictated relationship is shown in Eq. (13) as a transfer function between the excitation acceleration and the proof mass relative position. 
This transfer function was used to plot the dashed line representing the ideal behavior in Fig. 9 . The ideal behavior defined by Eq. (13) can be further confirmed by plotting it on the same plot ( Fig. 10 ) along with responses of several other theoretical passive harvesters with different spring stiffnesses (i.e., different natural frequencies). 
